1. Introduction. In a famous paper, [1] , Hardy and Littlewood developed a number of conjectures concerning the twin primes, the Goldbach problem, and other unsettled questions. One of these, Conjecture F, concerned the number of primes of the form Am2 + Bm + C. We reword this conjecture, and at the same time reduce its generality somewhat, as follows:
Conjecture.
// a is an integer which is not a negative square, a p* -fc2, and if Pa(N) is the number of primes of the form n + a for 1 ^ n ^ N, then (1) P«(N)~\haJ : dn log n where the constant ha is the infinite product taken over all odd primes, w, which do not divide a, and for which (-a/w) is the Legendre symbol.
In the trivial cases, a = -A;2, since (k2/w) = +1 for every w, we have ha = 0 on the one hand, and on the other there can be at most one prime of the form n2 -k* = (n -k)(n + A;). For any other a, ha > 0, and the conjecture indicates that there are infinitely many primes. But for no a has this been proven.
In particular, for a = 1, since ( -1/w) equals +1 or -1 according as w = 4m + 1 or Am -1, we have A. E. Western [2] verified that the number of primes of the form n2 + 1 agreed well with the right side of (4) up to N = 15,000.
In a recent paper [3] a sieve method was developed for factoring numbers of the form n +1, and more generally of the form n + a, and it was shown that the good agreement in (4) continues to hold out to N = 180,000; (iV2 + 1 = 32,400,000,001). This verification, however, was not applied to (4) directly but to the related formula, (7), given below.
Let ña(N) be the number of odd primes, q, which are ^N, which do not divide a, and for which (-a/q) = -1. These are the primes which never divide n2 + a.
It is well known that (5) i.(«~jr^-2 J2 log n and therefore (1) can be rewritten as (6) fOT *"
Likewise (4) can be rewritten as
Since, in [3] , we had Px( 180,000) = 11223, #i( 180,000) = 8178, and 11223/8178 = 1.37234, the agreement with the right side of (7) was even better than could be expected.
It is clear that the Tra(N) in (6) could be replaced by the asymptotically equal §ir(iV) or by na(N),
(for the latter number we count the p's such that (-a/p) = +l).But (6) as it stands is to be preferred for two reasons. First, Ta(N)
f"
is generally much closer to J / dn /log n than are either of the other two counts.
•>2
See [4, sec. 10 and Table 7 ] for a discussion of the case a = 1. Second, the ratio in (6) has a simple geometric interpretation in the algebraic number field Ä(-\/-a). See [3, p. 82 ] for a discussion of the case a = 1, the Gauss plane.
In the present paper [5] we first develop an interesting and rapidly converging formula for computing the ha and we tabulate these constants for a = -4(1)4. We then present short tables of Pa(N) and ira(N) for a = ±2, ±3, +4, and for AT = 10,000(10,000)180,000 which show that (6) also gives good agreement in these five cases. Finally we present an elementary (sieve) argument which makes it plausible that the Hardy-Littlewood conjecture is true for every a. Further, an analysis of this computation enables us to isolate the essential difficulty in obtaininga proof.
2. The Right Side of (6). To compute the ha we will want the following Lemma. For \ x |<|, where the exponents b(s) are given by 6(1) = 6(2) = 6(3) = 1, 6(4) = 2, 6(5) = 3, 6(6) = 5, and, in general, if d is an odd divisor of s and /¿(d) is its Mobius function, then (9) 6(«) = ¿ £ Ad)2"d.
¿S d
Examples of (9) Therefore 6(7) = 9 and 6(8) = 16.
Proof of the Lemma. After taking the logarithm of both sides of (8),
we expand both sides in Maclaurin series and identify the corresponding coefficients.
This yields the condition, for s = 2km, with m odd, Now applying the Möbius inversion formula we obtain (9). Since from (11) we also have 6(s) ^ 2*/2s it follows that (10) converges if | x \ < J and the steps may be reversed to yield (8).
Now for any a ?¿ -k let p< be the odd primes such that (-a/p) = +1, let gt be the odd primes such that (-a/q) = -1, and let n = 2, r2, r3, • • • , rc be the (finite number of) primes which divide 2a. (19) and (20) rnicwr.
Since m is finite the order of the products may be changed to give
Now every p > 2, and we may therefore use (8) with x = l/pt-to obtain
But it may be readily seen that the double infinite product on the right converges (monotonically increasing) to 1 as m -» », and it thus follows that the right side of (18) The L0(l), which enter into /o(0) as defined by eq. (14), may be obtained in closed form by use of Gauss sums and Fourier series, [7] . Specifically, for a > 0 we have the simple
La(l) = -~ q« 2y/a where the qa for 1 ¿ a ^ 100 are listed in Table 1 .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use CONJECTURE CONCERNING THE NUMBER OF PRIMES OF THE FORM U2 4-a 325 The La(l) for negative a are a little more complicated and will not be listed here. As regards La(s) for other values of s, Li(s) is a well known function, but except for a few scattered results, [8] , values of the other L's do not seem to have been published. J. W. Wrench, Jr. has computed unpublished tables of L0(s) for a = ±2 and ±3. With his permission the author used these tables, together with (18), to compute the four corresponding values of ha in Table 2 . The remaining entries, ä_i = ft_i «■ ho = 0 and hi = hi, are trivial.
The variation of the ha in Table 2 is notable. For example, there should be more than two and one-half times as many primes of the form n2 -2 as of the form n -f-2. As a side remark, wenotefrom (15) that/o<0) = 2U2)Vä/irqa is the leading factor of ha . Thus for a > 0, n + a will therefore have few or many primes according as qa is large or small (relative to 2\/ä/ir).
From Table 1 4. Both Sides of (6). In Figure 1 we plot Pa(N)/fa(N) versus N together with the conjectured limits, ha , for a = ±2 and ±3. The cases a = 1 and a = 4, (which should be asymptotically equal since hi = hi), are not included in this figure for clarity. If included, these two graphs would intertwine that for the case a = -3.
5. An Elementary Interpretation. The over-all impression of the foregoing results is that (6) and its equivalent (1) are almost surely true for a = 1, ±2, ±3, 4. Table 5 Pt We now offer a theoretical argument in favour of these asymptotic equations for all a. We will specifically carry it through for a = 1, but the argument is easily generalized. The case a -1 is the only one which Hardy and Littlewood treated in detail. Their computation, however, was deep and function-theoretic. In contrast, the present argument is elementary, [9] . It will be assumed that the reader is acquainted with the n + 1 sieve which is described in detail in [3] . Consider the infinite product (3) for hi, not in the form in which it was given by Hardy and Littlewood, (2), since this masks its true nature; but in the equivalent form h H) R) R) 0-Â) (.-*)
or, even better, as
Now for a suitably large A7' let w* be the greatest prime satisfying w ¿ JV and let p* be the greatest prime of the form 4m + l which satisfies p ^ N. We write the corresponding partial product of (23), which approximates hi, as follows:
Now this approximation to Äi is in turn seen to be approximated (and we will inquire later as to the degree of the approximation) by N times the ratio of the primes which remain in two sieves, the Eratosthenes sieve (for all primes) from n = 1 to n = N2 in the denominator and the n 4-1 sieve from n2 + 1 = 2 to n + \ = N 4-1 in the numerator.
Without attempting precision at this point-that is, without bounding the error-we note that in the Eratosthenes sieve one first strikes out the multiples of 2. This leaves N2(l - §) numbers (with an error of 0 or §). One then strikes out the remaining multiples of 3 leaving iV2(l - §)(1 -J) numbers (again except for a possible end-effect correction.) Continuing with the primes 5, 7, • • • , w* creates the denominator of (24). The latter therefore equals ir(2V2) -ir(N) + E(N), the number of primes up to N2 minus the number of primes up to N, with an endeffects error, E(N), which is not yet bounded. We note that
by the prime number theorem.
In the n 4-1 sieve we first factor a 2 from all numbers where n = 2m 4-1 leaving iV(l - §) of the numbers (except for an end-effect error). We then factor a 5 where n = 5m 4-2 and where n -5m + 3. This leaves N(l - §)(1 -f) Now by Merten's Theorem the denominator of (24) is asymptotic to N2e~y/log N where y is Euler's constant [10] . Therefore the end effect, E(N)/N, is not negligible compared with wi(N). Instead we have (26) ^^^0.1229 = 2^-1.
If we could show e(N) (27) P(N)-P(VÑ^l)~2e-y-1 all would be well, but the difficulty of the problem is such that we cannot even prove that the left side of (27) is bounded from above. If we could do that, we would at least have P(N) -» » but even this "weak" result eludes us.
It is of interest to analyze this difficulty. Let Since the quantity in each brace is smaller in magnitude than unity, it is easy enough to bound e(N). What is difficult to obtain is a sufficiently good bound-that is, to prove in general, the extensive cancellation of terms of opposite sign which occurs in the sum of (32). The essential difficulty stems from the very rapid increase in the number of terms, 2^3^.
Techniques of deleting or combining terms, in sieve formulations of related problems, have been devised by Brun and others [11] but to date nothing sufficiently sharp has been developed. A general assessment of sieve techniques given by Selberg [12] is not encouraging.
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